Convergence and almost stability of Ishikawa iterative scheme with errors for m-accretive operators  by Liu, Zeqing et al.
ELSEVIER 
An Intemational Journal 
Available online at www.sciencedirect.com computers & 
.c,=.¢= @o,.=¢~. mathematics 
with applicaUons 
Computers and Mathematics with Applications 47 (2004) 767-778 
www.elsevier.com/locat e/camwa 
Convergence  and  A lmost  S tab i l i ty  
o f  I sh ikawa I te ra t ive  Scheme wi th  
Er rors  fo r  m-Accret ive  Operators  
ZEQING LIU 
Department  of Mathematics, Liaoning Normal University 
P.O. Box 200, Dalian, Liaoning 116029, P.R. China 
zeq ing lu©s ina ,  com. cn 
SHIN MIN KANG* AND YEOL JE  CHO 
Department  of Mathematics and Research Inst i tute of Natural  Science 
Gyeongsang National University, Chinju 660-701, Korea 
<smkang><yj cho>©nongae, gsnu. ac. kr  
(Received August 2001; accepted October 2002) 
Abst rac t - -Let  X be a uniformly smooth real Banach space and T : X --* X be a generalized 
Lipschitzian and m-accretive operator. It is proved that under suitable conditions, the Ishikawa 
iterative schemes with errors both converges strongly to the unique solution of the nonlinear operator 
equation x+Tx : f and is almost stable. A few related results deal with the operator equations for the 
dissipative type operator. The results presented in this paper extend substantially the corresponding 
results in [1,2]. @ 2004 Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
Let X be a real Banach space, X* be the dual space of X, and (., .) denote the pairing between X
and X*. The mapping J : X ~ 2 x* defined by 
J(x) = {f e X*: <x,f) = flxrl 2 = IJflr2}, x e X, 
is called the normalized uality mapping. It is known that X is a uniformly smooth Banach space 
if and only if J is single valued and uniformly continuous on any bounded subset of X. Let 
D(T) C X and R(T) C X denote the domain and the range of an operator T, respectively. 
DEFINITION 1.1. Let X be a real Banach space and T : D(T) C X --~ X be an operator. 
(i) The mapping T is called accretive [1] if the inequality 
II x - Yll < II x - Y + t(Tx - Ty)l I 
holds for all x, y E D(T) and aft t > O. 
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(ii) The mapping T is said to be m-accretive [1] if T is accretive and (I +rT) (  D(T) ) = X for 
a11 (or, equivalently, for some) r > 0~ where I stands for the identity operator. 
(iii) The mapping T is called dissipative (respectively, m-dissipative) [1] if ( -T )  is accretive 
(respectively, m-accretive). 
(iv) The mapping T is said to be generalized Lipschitzian if there exists a constant L > 1 such 
that 
[ITx - Ty][ <_ L(1 + ][x - y[[), 
for all x ,y  E D(T). 
It is well known that T is accretive if and only if, for any x, y E D(T) ,  there exists j (x  - y) E 
J(x - y) such that 
(Tx - Ty, j (x  - y)> _> 0. 
It is easy to see that both each Lipschitz operator and an arbitrary operator with the bounded 
range are generalized Lipschitzian. Example 3.1 in this paper shows that the classes of both the 
Lipschitzian accretive operators and the continuous accretive operators with the bounded ranges 
are proper subclass of the class of the continuous accretive generalized Lipschitzian operators. 
Let T : X --* X be an operator on a real Banach space X. Suppose that x0 E X and 
x~+l = f(T,  xo) defines an iteration scheme which produces a sequence {x~}~= 0 in X. Suppose, 
furthermore, that {x~}~= 0 converges trongly to q E F(T) ~ O, where F(T) denotes the set of 
all fixed points of T. Assume that {Y~}n~--o is an arbitrary bounded sequence in X and set 
e~ = t[Y~+I - f(T,y~)H. 
DEFINITION 1.2. 
(i) The iterative scheme {xn}~=o in a real Banach space X defined by Xn+l = I(T, x~) is 
said to be T-stable if l im~oo e~ = 0 implies that lim~__,~ y~ = q. 
(ii) The iterative scheme {xn}~=o defined by x~+l = f(T,  Xn) is said to almost T-stable if 
oo  
}-~-n=0 e,~ < e~ implies that l imn~ y~ = q. 
X oo Clearly, an iterative scheme { ~}~=o in X which is T-stable is almost T-stable. Osilike [3] 
proved that an iterative scheme which is almost T-stable may fail to be T-stable. 
DEFINITION 1.3. (See [4-6].) Let K be a nonempty convex subset of a real Banach space X and 
T : K ~ K be an operator. 
X c~ (i) For any xo E K, the sequence { ~}n=o defined by 
X~+l = (1 - a~)x, + a~Ty,~, n >_ O, 
y~ = (1 - b~)x,~ + b,~Tx~, n >_ 0, 
oo b oo is called the Ishikawa iterative scheme, where {a~}n=o and { ~}~=o are real sequences in
[0, 1] satisfying appropriate conditions. 
(ii) In particular, ifb~ = 0 for all n > 0 in (i), then the sequence {x~}~=0 defined by 
xo E K, 
x~+l = (1 - an)xn + a~Tx~, n>0,  
is called the Mann iterative scheme. 
X co  (iii) For any given xo e K, the sequence { n}~=o defined by 
xn+l = a~x,~ + b~Ty~ + cnun, n > 0, 
! I y,~ = a~x~ + b~Tx~ + c~vn, n >_ O, 
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where (un}n°° 0 , {Vn}n°° 0 are arbitrary bounded sequences in K and (an}~°°=0, {bn}n°°=0 , 
{cn}~:o, {a~n}n~:o, {b~n}n~:0, and {C~n}~:0 are real sequences in [0, 1] such that 
/ I I 1 ,  as +b~ +c~ = % + b~ +% = 
for MI n >_ O, is cM1ed the Ishikawa iteration sequence with errors. 
' = 0 for nil n >_ 0 in (iii), (iv) If, with the same notations and definitions as in (iii), b~ = % 
X oo then the sequence { n}n=O now defined by 
Xo 6 K,  
Xn+l -~- anggn "~- bnTxn + CnUn, n > O, 
is called the Mann iterative scheme with errors. 
If T is m-accretive, then, for any given f ~ X, the equation 
x + Tx  = f (1.1) 
has a unique solution. Chidume-Osilike [1] and Park-Jeong [2] studied methods for approximating 
the solution of equation (1.1) for Lipschitzian and accretive operators and continuous accretive 
operators with the bounded ranges in q-uniformly smooth real Banach spaces and uniformly 
smooth real Banach spaces, respectively. 
Rhoades [7] proved that the Mann and Ishikawa iteration methods may exhibit different be- 
haviors for different classes of nonlinear operators. A few stability and almost stability results 
on the Mann and Ishikawa iterative scheme for certain classes of nonlinear operators have been 
established by several authors (see [3,8-12]). Harder-Hicks [9] revealed that the importance of 
investigating the stability of various iterative schemes for various classes of nonlinear operators. 
Harder [8] obtained applications of stability results to first-order differential equations and Osi- 
like [11] studied the convergence and stability of certain Ishikawa iterative scheme for solutions 
of Lipschitzian and accretive operator equation (1.1) in q-uniformly smooth real Banach spaces. 
The purposes of this paper are to study some strong convergence theorems and almost sta- 
bility of the Ishikawa iteration processes with errors for approximating the unique solution of 
equation (1.1), where T : X --~ X is a generalized Lipschitzian and m-accretive operator. We 
also prove the strong convergence and almost stability of the Ishikawa iteration method with 
errors for approximating the unique solution of the nonlinear equation x - ATx = f ,  where 
T : X ~ X is a generalized Lipschitzian and m-dissipative operator. The convergence r sults 
presented in this paper extend substantially the corresponding results of Chidume-Osilike [1], 
Park-Jeong [2], and others. 
2. PREL IMINARIES  
Let X be a real Banach space. The modulus of smoothness of X is the function Px : [0, co) --* 
[0, co) defined by 
px(t) = sup {~(llx + y[[ + [Ix - YlI) - 1: x ,y  E X,  [[x][ = 1, [[y[[ < t} .  
The Banach space X is said to be uniformly smooth if 
lim px(t )  _ 0 
t-*0+ t 
and, for q > 1, X is called q-uniformly smooth if there exists a constant c > 0 such that 
ox (t) <_ ctL 
for all t E [0, co). It is known that Lp (or lp) is min{p, 2}-uniformly smooth (see [1,6 9 and every 
Hilbert space is a 2-uniformly smooth Banach space. 
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LEMMA 2.1. (See [6].) Let X be a real Banach space. Then 
IIx + yli ~ <_ lixl? +2(y , j (x+y) ) ,  
for all x, y e D(T) and j(x + y) • g(x + y). 
LEMMA 2.2. (See [13].) Suppose that (an}~=o, (/3,~}~=o, {%~}~=o, and {wn}~=o are nonnegative 
sequences such that 
O!n_]_ 1 < (1 - w,)an +/3nwn + ~/n, n k O, 
OO (:X) 
with {~}~=0 C [0, 1], Y~n=0 wn = 0% ~n=0 7,~ < co, and l im~¢/3,~ = 0. Then limn--.oo a,~ = 0. 
LEMMA 2.3. (See [4].) Let X be a real Banach space and T : X -+ X be a continuous and 
accretive operator. Then T is m-accretive. 
3. MAIN  RESULTS 
In the sequel, d~ and d~ denote bn + cn and b~ + c~, respectively. 
THEOI~EM 3.1. Let X be a uniformly smooth real Banach space and T : X -~ X be a generalized 
Lipschitzian and m-accretive operator. For any f E X ,  define an operator C : X --+ X by 
Gx = f - Tx  for all x e X .  Assume that {u,}~_o, {v,}~= 0 are arbitrary bounded sequences 
oo  Oo O0 I O0 I oO I Oo r c~ in X and {an}n=O, (bn}n=o, {Cn}n=O, {an}n=O, {bn}n=O, {en}n=o, { n}n=o are any sequences in 
[0, 1] satisfying 
' ÷d '  n = 1, n > 0, (3.1) an -}- dn = a n 
oo 
Ed~ = oc, (3.2) 
'n----~0 
cn = r~dn, n >_ O, (3.3) 
lira bn = lira r~ = lim d'~ = O. (3.4) 
n- -+oo n--~o(~ n - -~oo  
Suppose that {x~}n°°__o is the sequence generated from arbitrary xo, f 6 X by 
I zn = a~x~ + b~Gxn + cnv~, n >_ O, 
Xn+l = anx~ + b~Gz,, + e~un, n > O. 
(3.5) 
Let {yn}n~__0 be any bounded sequence in X and define a sequence {e,~}n°°__ o by 
wn = a'nY~ + b~Gyn + e'nvn, n >_ O, 
6n : []Yn+l --Pn[J, n > O, 
(3.6) 
where Pn = a~yn + bnGw~ +C~Un, n >_ O. Then there exist M > 0, r E (0, 1), a positive integer N, 
oo B oo nonnegative sequences {An}n=0 and { ~}~=o with lirn~_.oo An = limn-~oo Bn = 0 such that 
(i) the sequence {xn}~=o converges strongly to the unique solution q of the nonlinear equation 
x + Tx  = f .  Moreover, for all n > N, 
JJXn+l -- qJJ2 < (1  - -  rdn)JJxn - qll 2 + - -  
An + rn 
1 - Mc  n 
Mdn , 
(ii) 
Ilyn+l - qll 2 < (1 - .dn)lLvn - q[? + _~__+ .n Mdn +4M~n,  
- -  - -  Me  n 
(iii) ~n~=o en < co implies that lim~--.oo y,~ - q and so the sequence {xn}~=0 is almost C-stable 
on X ,  
(iv) limn--.oo y~ = q implies that limn--.o~ en = 0. 
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PROOF. Since T is m-accretive, it follows that the equation x + Tx = f has a solution q E X. 
Since T is accretive, I + T is strongly accretive. That is, q is the unique solution of the above 
equation. Hence, q is also a unique fixed point of G. Put 
A~ = I ~5 []-x~ - qJ[ 1 +- [Tx~- - qJ] 
+ j (xn+l_- -q- -c_ .n(U_n_n-q)) - J (1  Xn-q  
\ 1 + Ilx,~ - qll 4: [Tx~ z q]l ) ' 
p~ - q 
+ IlYn -- qll ] II 
+ j (pn-q -cn(un-q) )  q )  
i~- ~- - -  q~ - J (1  p~ -- ' -~NY-~- qll 
M = 4L(1 + L + sup{IlUn - -  qH + HVn - -  qll: n > 0}), 
for all n > 0. It follows from (3.5) that for all n > 0, 
I l cz .  - q)l 
1 + ll:~,~ - ql] 
]ITzn - Tqll 1 + )]z~ - ql] 
i + Jl~. - q]l i + li~. - qli 
< L 1 + (1 - d',~)lix,~ - ql) + b'liax,~ - qi] + c'llv,~ - q]l 
1 + IIx,~ - qll 
< L 1 + I]xn - qll + <L(1  + IIx,~ - qll) + I1~,~ - qll 
1 + I Ix~ - ql l  
< 1 + L + IIv~ - q[I < -1M 
(3.7) 
and I]C;y,~ - q]l 
1 + liy,~ - qll 
Using (3.3)-(3.7), we easily conclude that 
1 
<<_ L < -~ M. (3.8) 
I]xn+l -q -e~(u ,~ -q ) -  (x,~ -q)l l  < bnilGz,~ - xnN +c,~]ix~ -ql] 
1 "J-]}X n - -  ql} - 1 + [Ix,~ - qi] 
< b,d)az~ - qll + d~)lXn - qll 
- 1 + IIx,~ - qll 
<_ b~ M + d,~ ~ O, 
(3.9) 
and 
I l zn - q - (zn  - q)ll < b ' [ IGx ,~ - x,,l[ + c ' l lv ,~ - x,~lt 
I + [ I~  - ql[ - I + ll~n - qll 
< d~nllXn - ql[ + b'llGx~ - ql] +C~n[lVn -- qll 
- 1 + I l x .  - q]] 
< d~ + Mb~ + c~t[v,~ - q]] --+ O, 
I ]p ,~-q -c ,~(u~-q) - (p ,~-q) l ]  Cn]lU,~--q[] 
1 + Ilvn - qll 1 + ]IY~ - qll 
<_ cn[]u~ - ql[ -4 0 
(3.1o) 
(3.11) 
I ]Pn - -  q - -  (Yn  - -  q)[] ( bn l IGWn - Yn]]  "Jr- Cn l lUn  - -  Yn]]  
1 + ]lYn - q]] - 1 + []Yn - q]] 
< dnbn - ql] + b,~) ]a~ - qll + c~lb~ - qll 
- 1 + llv,~ - qll 
(3.12) 
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b,~L(1 + IIw~ - qll) 
<_ d,~ + Lb,~ + Lbn (1 - d'~) [lyn - qll + b'l[GYn - qll + ='llv,~ - qll 
1 + [lyn - ql[ 
+ c~l l~n -q l l  
<_ d,~ + Lbn + Lb,~ (1 - d'~ + Lb'~)[]yn - ql[ +nb"  
1 + Ily,~ - qil 
+ c'l lv,~ - qll + c~llun - ql] 
_< dn + L(1 + L)b,~ + dl lv ,~ - qll + ~nllu,~ - qll --* 0 
as n -+ co. It follows from (3.9)-(3.12) that the sequences 
ZT b - -  q { i -~x~- -q , ]}~>o'  {Xn+l - -q -cn(un  q) } , 
_  o>_o 
(3 .12)  (cont.) 
are bounded. Since J is uniformly continuous on bounded subsets of X, 
lira An = lim Bn = 0. (3 .13)  
n---*c~ n---*oo 
~!, oo V o¢ Using the boundedness of the sequences { n}~=0, { n}n=0, and (3.3),(3.4), then we have 
B~ + Tn 
lira 1 '-~ Mdn -- 0, n~o~ - Mcn 
lira 1 - M(An + r~) = lira 
n-~o~ 1 - Mcn n-~oo 
1 - M(Bn  + r~) 
1 m Me n 
=1,  
which imply that there exist a constant r E (0,1) and a positive integer N such that, for all 
n>_N,  
Bn -1- rn  
1 - Mc--------~ M <- r, (3.14) 
rain { 1 - M(An + r . )  1 - M(Bn + rn) 
1 - Mc~ ' 1 - -M~ J >- r. (3.15) 
In view of (3.1), (3.5), (3.7), and the accretivity of T, we have, for all n > 0, 
I I~+~ - qll ~ = II(1 - dn) (~n - q) + b~(Gz~ - q) + ~(~ - q)ll 2 
< I](1 - d~) (x~ - q) + b~(Cz~ - q)l] ~ + 2~<u~ - q, j ( z~+~ - q)> 
< (1 - dn)2i]z,~ - qll 2 + 2b,~(az,~ - q, J (zn+~ - q - c,~(u,~ - q))> 
+ 2~<~ - q, J(~+~ - q)> 
< (1 - d~)2Hx~ - q]l 2 + 2bn [ (azn  - q, J (z~ - q)) 
+( i  Czn-q  - (1 ~n--q zn--_q 
+ II:~,~ - qll' d _ ql[ 
× (1 + IIx~ - qll) ~ + 1 Z~:Z-q l t '  J \ 1 + IIx~ - qll 
-'1 (1 + I]-~-:~n-q ql[)}  (1 + ,,Xn- q l l )21+2c~l l~n-q l l l lXn+~-q[ ,  
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< (1 - d ,~)2 l lxn  - qll ~ - 2b~(Tzn - Tq, J(zn - q)) 
1 Gzn - q 
+ 2bn(1 + II:~n -- qll) 2 + II:~n - qll 
+ a (xn+~ : -q_~-  q) ~ -q  
t, 1+ Hx~-ql] ) - J  (1 --I 2]']-x'~" q[[) ] 
+ Cnll~n -- qll (1 + I lxn+I -- qll a) 
_< (1 -- d~)211x,< - qll 2 + MbnA,< (1 + IIx~< - ql?)  
+ CnM (1 + II:~n+~ - qll~), 
which yields that 
])Zn+~ - q]12 < (1 - d~) 2 + MbnAn Mb~An + c~M 
- 1 - Mc~ IIx'~ - ql)2 + 1 - Men 
1 - Mc~ + c~M - 2dn + d~ + MdnAn 
<- 1 - Men [Ix~ - q[12 
MbnAn + Cnl}Un -- q]l + 
1 -- Mc~ 
< (1 -2 -d '~-MAn- rnM d "~ 
- .  7 - - -~-gd/  . n )  Ilxn -- qll: 
_< (1 -  1 -  7--- M_e~M(A: + r~) d=) ilx~ -q l l  ~ + - -  
<_ (1 - ~dn)llxn - q l?  + An -]- rn Md~, 1 - Mc~ 
An -t- rn 
+ Mdn 
1 - Men 
An + r~ 
Md~ 
1 - Mc~ 
(3.~6) 
for all n > N. Set 
M(An +, 'n)  
Wn = rdn, ~n r(1 -- Mcn)  ' "Yn O, n > O. 
Then (3.16) can be wr i t ten as 
an+l  __< (1 - COn)an + wn/Tn + 7n, n > 0. (a.17) 
I t  follows from Lemma 2.1, (3.2), (3.4), (3.13), and the boundedness  of the sequence {u,~}~= 0 
that  an --'+ 0 as n --4 oo. That  is, xn --+ q as n --+ oc. 
By v irtue of (3.1), (3.6), (3.8), and the accret iv i ty  of T, we conclude that ,  for all n > 0, 
[Ip~ - qtl 2 = I[( 1 - d~)(yn - q) + bn(Gyn - q) + cn(u~ - q)N 2 
< J[(1 - dn)(yn - q) + bn(Gyn - q)iJ 2 + 2c~(u~ - q, J(p~ - q)) 
< (1 - d~)21iyn - qll ~ + 2bn(Gy,~ - q, J (pn -- q -- C~(Un -- q))) 
+ 2cnN~ - q l l l l ;n  - qlt 
_< (1 - dn)2Nyn - q[I 2 + 2b~(ay,~ - q, J(y,~ - q)) 
+2b~ l+[ lyn -q[ l ' -  l+ l ]yn -q] l  l+[ lyn -q( i  
x (1 + IlYn - qll) 2 + 2bn 1 qTNiZ2q l  [ ' 1-T~y-£ ----q]i 
- J  (1  +-Hy'~--P~-q q'l ) ) ( l+ l lYn -q] [ )2+Mcn (1 + NPn - ql'2) 
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Gyn - q 
<__ (1 - d,O2llY~ - qll 2 + 2b,~ 1 ~[ -Y£- -  qll 
x , ( l~2P l~y~qqN) - '  (1  +~1;~ q-qH) 
x (1 + IlY,~ - ql)) u + 2b~ 1 ~ ~-[-Y~----qll i~-~y-~---  ~ 
- J  (1 +Pn-qlly~ - qll ) ( l+l lY~-ql l )Z+Mc~ (1+ IIp~ - q[12) 
< (1 - d..):l lY. - qll 2 + Mb.B. (1 + IIv. - qll ~) + Mc .  (1 + liP-. - qll~), 
which implies from (3.14) that ,  for all n >_ N,  
IIP~ - q]l 2 < (1 - d~) 2 + Mb~B~ IlY~ - q[I 2 + Mb~B~ + Mc~ 
- 1 - Mc~ 1 - Mc~ 
<_ ( I _  2-d~_--_MB~ yr~M d "~ B~ +r,~ Md 
1 - Mc~ ~j HYn -- q[]2 -b ~--_ ~/fc-~ n 
<( I_ I -M(B~+r~)  ) B~+r~Md ~
_ ] -=~r~ n d,~ ]]Yn - q]]2 + 1 - M~ 
B~ + r~ Md~ 
_< (1  - rd . ) l l y .  - qll ~ + 1 - Me------: 
_< (1 - rdn)M 2 + rMd < M 2, 
that  is, we have 
for all n >_ N.  This means that  
IIp~ - qll <-- M,  
(3.18) 
(a.19) 
e.=lly~+l-p.Jl<_llY~+l-qll+llp~-qll<2M, n>_N. (3.20) 
From (3.18)-(3.20) and (3.6), it follows that  
IlYn+l - -  qll ~ -< ( l lv .+l  -p - I I  + lip. - qll) ~ 
B 2 + r,~ Md 
_< (1 - rd . ) l l Y .  - qll ~ + 1 - Mcn n + 211P,~ - qlle., + e~ 
Bn + r,~ Md,~ + 4Me,~, < (1 - rd ,O l lY~ - qll 2 + 1 - M~ 
for all n > N.  
Suppose that  ~n~__0 en < oc. Let 
(3.21) 
Bn -t- rn  
~ = IIv~ - qll ~, ~ = rd . ,  Z .  - ~(1 - Mc . )  M,  ~ = 4M~. ,  n > O. 
0o Then Lemma 2.1 ensures that  an  --+ as n ~ oo. That  is, y ,  ~ q as n -4 c~. Hence, {x ,} ,=0 is 
a lmost G-stable on X .  
Suppose that  l imn~oo y ,  = q. From (3.18), (3.13), (3.3), and (3.4), we have 
en _< HYn+l -- ql[ + IlPn -- qll 
B~+r~ . ]1 /2  
-< [lY~+I - ql[ + (1 - rdn)lly~ - ql[ 2 + ~-  ~- - -~Md~/  
--*0 
as n -4 0% which means that  en --4 0 as n -4 ec. This completes the proof. 
Using the methods of proof  in Theorem 3.1, we have the following. 
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THEOREM 3.2. Let X,  T, G, f ,  {u,~}~_0, and {Vn}n°°=O be as in Theorem 3.1. Suppose that 
{a~}~= o, {b~}~= o, {cn}~=o, {a'}~=o, {b'}~=o , and {c'}~=o are arbitrary sequences in [0, 11 
satisfying (3.1) and the following conditions: 
oo oo 
E b~ = 0% E cn < c~, (3.22) 
n=O n=O 
lim b,~ = lim d'~ = O. (3.23) 
?~---~ oo  r$ -.+ oo  
Let {xn}~=o, {z~}~=o, {w~}~=0, {Y~}~=0, {Pn}~=0, and {e~}~=o be as in Theorem 3.1. Then 
the conclusions of Theorem 3.1 hold. 
THEOREM 3.3. Let X be a uniformly smooth Banach space and T : X ~ X be a generalized 
Lipschitzian and m-dissipative operator. For any f E X,  de,he an operator G : X --* X by 
Gx = f + ATx for all x E X and ~ > O. Let the sequences {un}~=0 , {v~}~_0 , {x~}~_0, {Zn}~=O, 
{Wn}n~_0, {yn}n~_O, {Pn}n°~=0, {En}n°°=0; {a~}~=0, {b~}~_-0, {c,~}~=0, {a~}n~_-o, {b~}~_0, {c~}~=0, 
and {rn}n~=O be as in Theorem 3.1. Then there exist M > O, r E (0, 1), a positive integer N, and 
nonnegative sequences {A~}~=o , {B~}~:0 with l im~_~ An = l im~_~ B~ = 0 such that 
(if the sequence {xn}~=0 converges strongly to the unique solution q of equation x - ATx = f 
for all A > 0 and 
IIxn+l - qll 2 < (1 - rd . ) l l x .  - qll 2 + - -  
A n -~ r n 
1 - Mc~ 
Md~, n >_ N. 
Furthermore, the conclusions (ii)-(iv) in Theorem 3.1 also hold. 
PROOF. The existence of a solution follows from the m-dissipativity of T. Note that (-AT) is 
generalized Lipschitzian and m-accretive. Thus, the conclusions of Theorem 3.3 follow immedi- 
ately from Theorem 3.1. This completes the proof. 
From Theorem 3.3 and the proof of Theorem 3.1, we have the following. 
THEOREM 3.4.  Let  X ,  T ,  f ,  G, 
{Pn}~_0, and {e~}~= 0 be as in Theorem 3.3. Assume that {a~}~=0, {b~}~=o, (c~}~_0, {a~}~=o, 
{b'~}~=o, and {c~}~= 0 are as in Theorem 3.2. Then the conclusions of Theorem 3.3 hold. 
REMARK 3.1. Theorems 3.1-3.4 extend, improve, and unify Theorems 4, 6, and 8 of Chidume- 
Osilike [1] and Theorems 3.2 and 3.4 of Park-Jeong [2] in the following ways. 
(i) The continuous accretive operators with the bounded ranges in [1, Theorem 6; 2, The- 
orem 3.2], the continuous dissipative operators with the bounded ranges in [2, Theo- 
rem 3.4], the Lipschitzian and accretive operators in [1, Theorem 4], and the Lipschitzian 
and dissipative operators in [1, Theorem 8] are replaced by the more general general- 
ized Lipschitzian and m-accretive or generalized Lipschitzian and dissipative operators, 
respectively (see Lemma 2.3). 
(ii) It is not necessary to use the Reich's inequality and the function given in [1, Theorem 6] 
and [14] to prove our main results. 
(iii) We use the Ishikawa iteration method with errors instead of the Mann and Ishikawa 
iteration methods in [1, Theorems 4,6,8]. 
(iv) The q-uniformly smooth real Banach spaces in [1, Theorems 4,8] and uniformly smooth 
real Banach spaces in [1, Theorem 6] and [2, Theorems 3.2,3.4] are replaced by uniformly 
smooth real Banach spaces. 
REMARK 3.2. The examples below show that Theorems 3.1-3.4 extend substantially Theo- 
rems 4, 6, and 8 of Chidume-Osilike [9] and Theorems 3.2 and 3.4 of Park-Jeong [14]. 
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EXAMPLE 3.1. Let X = ( -co,  co) with the usual norm Ll" I]. Define a mapping T : X ~ X by 
x-  1, x E (--co,--1), 
Tx= x -vZ2-x ,  x e [-1,0),  
x+¢7, xe[0,i], 
x+l ,  x E (1, co). 
Then T is continuous and R(T)  is unbounded. Observe that 
Tx  - TO x + g~ 
l ira - -  = lim - - = c o ,  
x-*0+ X --  0 x-*0 + X 
which gives that T is not Lipschitzian. It is easily seen that 
il Tx  - TYll  -< la x - yll + 2 <_ 2(1 + li x - yll), 
for all x, y E X, that is, T is a generalized Lipschitzian operator. In order to prove the accretivity 
of T, we have to consider the following ten cases. 
CASE I. Let x, y E ( - co , -1 )  and r > 0. Then we have 
II x - y + r (Tx  - Ty)i I = (1 + r)llx - Yil > II ~ - Yli" 
CASE II. Let x, y E [-1, 0) and r > 0. Then we have 
Ltx - y + r (Tx  - Ty) l  I = li(1 + r ) (x  - y) - r (4=;  - ~ / -~) i l  
= (1 + r)t ix - Yll + ~ l i4=7-  4:-~11 
> iLx - yl]. 
CASE I I I .  Let x, y E [0, 1] and r > 0. Then we have 
IIx - y + r (Tx  - Ty)H = ]l(1 + r ) (x  - y) + r (x /x  - v/Y)]] 
= (i + ~)llx - yll + r l i ve -  V~II 
>-- IIx - YlI. 
CASE IV .  Let x, y E (1, +oo) and r > 0. Then we have 
II x - y + , ' (Tx  - Ty)I I  = (1 + r ) l l x  - Yll >-- IIx - Yll. 
CASE V.  Let x c ( - co , -1 ) ,  y E [ -1 ,0 ) ,  and r > 0. Then we have 
II= - y + - Ty ) I I  = I1(1 + - y) + r ( , / : - -{ -  1)II 
= (i + ~)(y  - x )  + ~ (i - 4 -~)  
> iI~ - YlI- 
CASE VI. Let x E (--co, --1), y E [0, 1], and r > 0. Then we have 
I Ix - y + r (Tx  - Ty ) I I  = I1(1 + r ) (x  - y)  - r (1 + v@l l  
= (I + r)(y - x) + r (I + v/-y) 
> llx - yll. 
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CASE VII. Let x C ( -co,  -1) ,  y E (1, +co), and r > 0. Then we have 
Ilx - y ÷ r (Tx  - Ty)l l  = I1(1 + r ) (x  - y) - 2rll 
= (1 + , ) (y  - x) + 2~ 
> Hx - yll. 
CASE VII I .  Let x 6 [-1,0),  y E [0, 1], and r > 0. Then we have 
II~ - y + <(Tx  - Ty) I I  : [1(1 + <)(x  - y) - ~ (v~ + v~) I I  
: (1 + , ) (y  - ~) + r ( , /~+ ~)  
> Nx - vii. 
CASE IX. Let x E [-1, 0), y E (1, +co), and r > 0. Then we have 
I I x -y+r (Tx -Ty) l  I = 11(1 +r) (x -y )  - r  (v/L--x+ 1)1 [ 
= (1 +r)(y - x) +r  (v/L--x + 1) 
> Hx - yJl. 
CASE X. Let x E [0, 1], y C (1, +oo), and r > 0. Then we have 
IIx - y + ~(T~ - Ty)  ll = II (1 -F rD(x - y) -F r (~/~ - 1)II 
= (1 + r)(y - x) + r (1 -- v%-) 
> IIx - yll. 
Therefore, T is accretive. Further, X is a q-uniformly smooth real Banach space. Since T is not 
Lipschitzian and R(T) is not bounded, Theorems 4 and 6 of Chidume-Osilike [1] and Theorem 3.2 
of Park-Jeong [2] are inapplicable. 
It follows from Lemma 2.3 that T is m-accretive. Let {an}~=0, {b~}~=o, {c~}~=o, {a~}~_-0, 
{btn}n°°=0 , {ctn}~x~=0 : {T'n}nC~=0 , {Un}nC~_0, {Vn}n~°=0 , {Xn}n~°=0 ' {Zn}n°°=0, {Wn}n~e=0, {yn}n°e=0, {pn}nCX)=0, 
C oo and { ~}~=o be sequences as in Theorem 3.1 or 3.2. Then all the conditions of Theorem 3.1 
or 3.2 are fulfilled. 
EXAMPLE 3.2. Let X, {an}W-0, {bn}~=0, {Cn}~=O, {a~}~-0, {b~}~=o, {c~}~=o, {rn}~=o, 
{u~}~=0, {v~}~=o, {xn}~=0, {z~}~-0, {w~}~=0, {Yn}~=o, {Pn}~=o, and {e~}~=0 be as in Exam- 
ple 3.1. Define a mapping T : X --* X by 
1 - x ,  x C ( - - co , -1 ) ,  
Tx= v~Z-d-~, ~[ -1 ,0 ) ,  
- z -v~,  ~ e [0,1], 
-x  - 1, x C (1, oc). 
Then T is a continuous dissipative and generalized Lipschitzian operator, / /(T) is unbounded, 
and T is not Lipschitzian. Thus, all the assumptions of Theorem 3.3 or Theorem 3.4 are satisfied. 
But Theorem 8 of Chidume-Osilike [1] and Theorem 3.4 of Park-Jeong [2] are not applicable. 
REMARK 3.3. The following examples reveal that Theorems 3.1 and 3.2 are independent, and 
so are Theorems 3.3 and 3.4. 
EXAMPLE 3.3. Let X and T be as in Example 3.1 or Example 3.2. Set 
1 1 1 1 
an = 1 bn - - -  cn  - -  - -  
~/2 + ~ 2x/Y4--~' ~ 2v~--4~' 2~r~-4-~' 
i 9% I 1 I 
a n - -  b n - _ _  _ n + 1' 2(n + 1) %' 
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for all n >_ 0. Note that ~n~_0 c~ = 0c. Therefore, {c~}n°°_0 does not satisfy condition (3.22). 
Thus, Theorems 3.2 and 3.4 are not applicable. Take 
1 
rn  - n>_O.  
1 + (2 + n) 1/4' 
It is easy to verify that conditions (3.2)-(3.4) are fulfilled. Hence, all the conditions of Theorem 3.1 
or 3.3 are satisfied. 
f OO ! OO ! EXAMPLE 3.4. Let X, T, {a,}n=O, {bn}n=0, and {c,},= 0 be as in Example 3.3. Put 
an : 1 -- bn - cn, b2n = (2 + 2n) -2, b2n+l = (3 + 2n) -1,  Cn -~ (2 -[- n) -2,  
for all n > 0. Then all the assumptions of Theorem 3.2 or 3.4 are fulfilled. But Theorems 3.1 
and 3.2 are not applicable since 
C2n 1 
~/2n - b2 n ~ C2n -- 2 "-~ O, 
as  n - -~ oG.  
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